The moduli space of instantons on C 2 for any simple gauge group is studied using the Coulomb branch of N = 4 gauge theories in three dimensions. For a given simple group G, the Hilbert series of such an instanton moduli space is computed from the Coulomb branch of the quiver given by the over-extended Dynkin diagram of G. The computation includes the cases of non-simply-laced gauge groups G, complementing the ADHM constructions which are not available for exceptional gauge groups. Even though the Lagrangian description for non-simply laced Dynkin diagrams is not currently known, the prescription for computing the Coulomb branch Hilbert series of such diagrams is very simple. For instanton numbers one and two, the results are in agreement with previous works. New results and general features for the moduli spaces of three and higher instanton numbers are reported and discussed in detail.
Introduction
Instantons were first introduced as Euclidean finite action solutions of the self-dual pure Yang-Mills equations [1, 2] . The space of such solutions, graded by an integer number k, the Pontryagin number (or charge) of the instanton, is known as the moduli space of instantons. An algebraic prescription to construct instanton solutions for classical gauge groups SU (N ), SO(N ), U Sp(2N ) on R 4 was developed by Atiyah, Drinfeld, Hitchin and Manin in [3] . With the advent of D-branes as dynamical objects, the ADHM construction was given geometric light by means of a brane realization [4, 5] : Dpbranes inside D(p + 4)-branes are codimension 4 objects, which dissolve into instantons for the worldvolume gauge fields of the D(p + 4)-branes. For the gauge theory living on the Dp-brane, which has 8 supercharges, the Higgs branch of the moduli space therefore corresponds to the moduli space of instantons of the D(p + 4) gauge group.
In order to compute moduli spaces of instantons for classical gauge groups, one avenue is thus analyzing the Higgs branch of the ADHM quiver gauge theory. This is done by considering the constraints given by the F and D terms in the supersymmetric gauge theory and modding out by the gauge group. The Higgs branch for theories with 8 supercharges is classically exact [6] and therefore identical when formulated in dimensions between 3 and 6. Another avenue for computing moduli spaces of instantons, where no such simplification is available, is through the Coulomb branch of certain 3d gauge theories with 8 supercharges and gauge group G whose details we specify below. These two routes, via the Higgs branch and the Coulomb branch, are independent of each other, though calculating exact quantities on both sides can furnish a test of mirror symmetry and relate one to the other [7] . In this paper we will exclusively study theories whose Coulomb branch is the moduli space of instantons, without resorting to mirror symmetry.
The stringy realization of moduli spaces of instantons through brane constructions has led to new insights. Indeed the ADHM construction exists only for classical gauge groups and, until recently, the instanton partition functions for exceptional gauge groups were only possible by means of superconformal indices [8] [9] [10] of theories obtained by wrapping M 5-branes on punctured Riemann surfaces [11] as in [12] for E 6,7,8 instantons, by extrapolating the blow-up equations of [13, 14] as in [15] , or by utilizing the generating function of holomorphic functions on the moduli space as in [16] [17] [18] . In this paper we explore the latter generating function, known as Hilbert series and shortened by HS, which counts gauge invariant chiral operators in a supersymmetric gauge theory [19] . We focus on supersymmetric gauge theories with 8 supercharges whose moduli spaces include moduli spaces of instantons.
Mathematically, the HS is a character of the global symmetry group of the ring of holomorphic functions on the moduli space of the supersymmetric gauge theory. It provides useful exact information about the moduli space: from the HS we can extract the group theoretic properties of the generators of the moduli space and of the relations between them. Salient features of the theories, such as the enhancement of global symmetries, are also neatly exposed by this treatment. For moduli spaces of k pure Yang-Mills instantons, the Hilbert series is also the five-dimensional (or K-theoretic) k instanton partition function of [13, 14, 17, 20, 21] . In [18] the Hilbert series for instantons of charge k = 2 were approached from the Higgs branch point of view, the calculations being a generalization of [16] with an increased level of difficulty. Here we attack the problem from the Coulomb branch perspective in the wake of the new developments of [22] , where a simple formula for the Hilbert series of the Coulomb branch of d = 3 N = 4 good or ugly [23] superconformal field theories was introduced. 1 The methods introduced in [22] have already given fruitful results [25, 26] . Here we continue to exploit the techniques to analyze the moduli spaces of higher k G-instantons, where G is any simple Lie group. Our results include instantons for gauge groups whose Dynkin diagrams are non-simply laced, which have escaped a construction so far.
The Coulomb branch of three-dimensional theories with 8 supercharges receives quantum corrections and it is precisely this which begets the non-trivial structure of the space. As we will review in section 3, the chiral operators which parametrize the Coulomb branch are gauge invariant combinations of supersymmetric 't Hooft monopole operators V m [27] labeled by a magnetic charge m, which break the gauge group G to a subgroup H m by the adjoint Higgs mechanism, and of the classical complex scalar fields φ m in the adjoint representation of the residual gauge group H m . The HS of the Coulomb branch counts gauge invariant either bare (i.e. built out of V m only) or dressed (i.e. built out of V m and φ m ) supersymmetric monopole operators according to their quantum numbers, namely the topological charges J and the R-charge under the U (1) C Cartan subgroup of the SU (2) C R-symmetry which acts on the Coulomb branch.
Since we want to study moduli spaces of instantons we must make precise which theories, whose Coulomb branch we will investigate, are of interest to us. We extend the correspondence between the Coulomb branch of ADE quivers [28, 29] and the moduli space of ADE instantons, first pointed out for one instanton in [7] and then generalized to higher instanton number in [30, 31] . We claim that the moduli spaces of instantons for any simple gauge group can be obtained as the Coulomb branch of quivers constructed using the over-extension of the Dynkin diagrams for the associated finite Lie algebras. Whilst this has already been expounded using Hilbert series in [22, 26] for ADE quivers, here we complete the treatment by generalizing the previous formula to non-simply laced quivers. The crucial formula that prescribes how to deal with multiple laces is (3.3).
The plan for the rest of this paper is as follows. Section 2 is a brief summary of a particular type of brane construction that realizes instanton moduli spaces in string theory both from the Higgs branch and the Coulomb branch point of view. From the brane picture we are able to motivate the quiver theories that we use to compute the Hilbert series of moduli spaces of instantons. In section 3 we review the monopole formula for the Hilbert series of Coulomb branches and we show how to modify the expression to account for generalized quivers built from non-simply laced Dynkin diagrams. In section 4 we provide a step-by-step calculation for the moduli space of k G 2 instantons and give the explicit result for the Hilbert series associated to the moduli space of 3 G 2 instantons. In sections 5, 6, 7 we display formulae for the Hilbert series of SO(2N + 1), U Sp(2N ) and F 4 instantons. In section 8 we sketch some of the group theoretic features of the moduli space of instantons as an algebraic variety, providing the transformation laws of the generators and the first relations. In section 9 we present our conclusions.
Brane realization of instantons
In this section we summarize various brane constructions for moduli spaces of instantons of classical gauge groups [4, 5, [32] [33] [34] [35] . String dualities which realize mirror symmetry relate the Higgs branch and the Coulomb branch brane picture. However we stress that the Coulomb branch construction that will be used later on does not require mirror symmetry. The mathematically oriented reader can skip this section altogether.
An instanton is a solitonic object of codimension 4. Dp-branes inside D(p + 4)-branes, with or without O(p + 4)-planes, provide a realization of instantons for classical gauge groups. To realize the kind of three-dimensional theory that we are interested in, we consider D2-branes in the background of D6-branes. The D6-branes provide the gauge group whilst k D2-branes, when lying on top of the D6-branes, give rise to instanton configurations of charge k on C 2 . The classical gauge group on the worldvolume of the D6-branes depends on which type of orientifold O6-plane is added to the construction. In particular N parallel D6-branes provide a U (N ) low energy effective theory, as sketched in Table 1 . With the addition of k D2-branes, the system living on G Brane configurations from which Higgs branch can be realized ADHM quiver Table 1 . Brane constructions and quiver diagrams whose Higgs branch correspond to k G-instantons on C 2 . To describe the moduli space of instantons, all D2 branes are dissolved on coincident D6 branes and orientifold planes. In the pictures the D6 branes are separated from each other and the orientifold for clarity. Note that there exist constructions of the moduli space of E-instantons in terms of M5-branes on a sphere with punctures. However it is unknown how to realize such moduli spaces as perturbative open string backgrounds.
the latter becomes that of a quiver theory with gauge group U (k) and SU (N ) flavor symmetry, since the U (1) factor inside U (N ) is gauged. In order to realize SO(2N +1) instantons we construct a background with N parallel D6-branes on top of an orientifold plane O6 − . The orientifold allows for strings to end on it, thus reproducing the B N root system. The quiver for such a construction is given by a gauge group U Sp(2k) with matter in the antisymmetric representation and 2N +1 fundamental half-hypermultiplets with flavor symmetry SO(2N + 1).
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For U Sp(2N )-instantons, the brane construction involves N D6-branes on top of an O6 + or O6 + plane. k half D2-branes in such a background give rise to a quiver gauge theory with O(k) gauge group, matter in the symmetric representation and 2N fundamental half-hypermultiplets with flavor symmetry U Sp(2N ).
Lastly, in presence of k D2-branes, N D6-branes and an orientifold O6 − , the D N root system is realized, allowing for a quiver with U Sp(2k) gauge symmetry, matter in the antisymmetric representation and 2N fundamental half-hypermultiplets with flavor symmetry SO(2N ).
The Higgs branch of these theories is achieved when the D2-branes are inside the D6-branes; the Coulomb branch is realized when the D2-branes are away from the D6-branes. Thus it is the Higgs branch of these quiver gauge theories that reproduces the moduli space of G-instantons, where G is the flavor symmetry group of the quiver. We show the brane constructions and the corresponding quivers in Table 1 .
For exceptional groups we do not have a perturbative open string description on the Higgs branch. However progress can be made appealing to mirror symmetry and generalizing the lessons learned for classical groups. We can implement this symmetry on the previous constructions by performing T -duality to Type IIB, and then S-duality to realize mirror symmetry. Under T-duality along a direction transverse to the D2-branes and parallel to the D6-branes, the D2-brane becomes a D3-brane on S 1 and the D6-brane becomes a D5-brane.
3 After S-duality, the D3-brane is unchanged whilst the D5-brane turns into a N S5-brane. In the absence of orientifolds, i.e. for the case of G = A N −1 in Table 3 , the application of these dualities results in a necklace quiver gauge theory with N U (k) gauge nodes.
Moreover, and crucially, since mirror symmetry exchanges Higgs branches with 2 We have glossed over a subtlety: the O6 − plane requires the presence of a Romans mass. This D8-brane charge translates into a Chern-Simons coupling in the parity anomalous gauge theory on D2-branes, which reduces supersymmetry and lifts the Coulomb branch. The moduli space of B N instantons is the subvariety of the total moduli space of vacua of the supersymmetric Chern-Simons theory with vanishing expectation values for monopole operators.
3 More precisely, we view C 2 = R 4 as an "A 0 " hyperKähler space, namely a circle fibration over
Coulomb branches, it is now the Coulomb branch of this new dual theory which corresponds to the moduli space of instantons. The action of mirror symmetry on the four orientifold planes we considered is illustrated in Table 2 . Note in particular that T -duality results in a restriction to an interval defined by two separated O5 planes and that S-duality turns an O5 into an ON orientifold.
Orientifold
T -duality S-duality Table 2 . The effect of T -and S-dualities on orientifold planes.
The effect of mirror symmetry, through action on branes and orientifolds, on the brane constructions in Table 1 is summarized in Table 3 . For example consider the brane realization on the Higgs branch of one C N instanton (i.e with k = 1 D2-branes). The O6 + background is turned into an interval bounded by ON + on the left and an ON + on the right. The N parallel N S5-branes lie within this interval.
As befits a magnetically charged object, the D3-brane is to be viewed as a root of the Langlands dual algebra, here B N . When stretching onto the ON + , the D3-brane reproduces a short root: it ends on the ON + . Finally, one balances the number of D3-branes stretching between neighboring N S5, in this case one. The result is sketched in Figure 1 .
After engineering the dual brane construction, we can associate to it a quiver. The rank of each node in the quiver is read off from the number of D-branes: since we have one D3-brane between each neighboring N S5, the gauge groups are all U (1).
To account for the different length of the last root on the left and on the right, we use the double lace notation of Dynkin diagrams. In the next section we will specify how to deal with multiple laces. The quiver we end up with is the Dynkin diagram of the untwisted affine algebra C In a completely analogous fashion to this example, the quivers that we analyze for the moduli space of G-instantons are precisely the Dynkin diagrams for the untwisted affine algebras of G type, with the crucial addition of an extra node, the nature of which we explain below. Over-extended node The quiver gauge theories constructed from the affine Dynkin diagrams are not sufficient to obtain the moduli spaces of instantons. In particular, for k > 1 instanton number, the parametrization of the instanton solution on C 2 mixes nontrivially with the parametrization of the instanton in the gauge group G.
For k = 1, i.e. a single D3 brane stretching on a circle, the fugacity associated with C 2 factorizes:
Here u are the fugacities associated to G, 5 x is the fugacity associated to SU (2) rotations of C 2 , and t the fugacity for the highest weight of the SU (2) R-symmetry. After factoring out the center of mass degree of freedom, we are left with the Hilbert series g 1,G of the reduced moduli space of 1 G-instanton, which does not depend on x.
For k > 1 one can similarly extract the center of mass mode,
2) 4 We have chosen to use the untwisted affine Dynkin diagrams associated to electric objects, rather than the Langlands dual Dynkin diagrams associated to magnetic objects, which are obtained by reversing the arrows. The prescription that we will provide for the HS of instanton moduli spaces from the Coulomb branch can be phrased equally well in terms of dual diagrams. 5 In this paper we use simple roots fugacities u instead of highest weight fugacities y for convenience.
but the Hilbert series g k,G of the reduced moduli space of k G-instantons depends on the SU (2) fugacity x for k > 1. In fact, as we will explain in section 8.6, for k > 1 there are two different global SU (2) symmetries, one acting on the center of mass and the other on the reduced moduli space of instantons. In order to see the center of mass of the instantons and the SU (2) x rotation symmetry of C 2 in the Type IIB brane construction, we need to follow the chain of dualities more carefully (see footnote 3). The T -duality from Type IIA to Type IIB is done along a circle direction with a fixed point: this results in an extra N S5 brane in Type IIB, in addition to the D5-branes and O5-planes discussed above. The N S5-brane ensures that the matter fields in the 2-index tensor representation of the ADHM quiver gauge groups transform as denoted in Table 1 rather than the adjoint representation. S-duality maps this N S5-brane into a D5-brane, which fixes the origin of C 2 . The D5-brane U (1) symmetry acts as a flavor group for the worldvolume theory on the D3-branes: it attaches a square node to the extended node of the affine Dynkin diagram, as in [30] [31] [32] .
Even though this U (1) node appears naturally as a flavor node in the brane construction, it is useful to treat it on the same footing as the other gauge nodes, and then ungauge an overall diagonal U (1) gauge symmetry under which no matter fields are charged. The relevant quivers for the moduli space of instantons on C 2 are then the so-called over-extended Dynkin diagrams [36] , with a rank 1 over-extended node connected to the extended (or affine) node. The gauge fixing of the decoupled U (1) gauge symmetry can be done at any node of the quiver: fixing the U (1) of the over-extended node reduces it to a flavor node as is natural in the brane construction; fixing a U (1) inside a U (N ) gauge factor leaves an SU (N )/Z N gauge group. In section 3 we explain how to implement this gauge fixing and how to identify the global symmetries acting on the instanton moduli space in the Coulomb branch Hilbert series. Table 3 . Quiver diagrams from which the Hilbert series of the moduli space of k instanton in classical gauge groups can be computed using the monopole formula for the Coulomb branch. The corresponding brane configuration is depicted next to each quiver. Note that the configurations associated with the left boundary condition for B N and the left and right boundary conditions for D N involve an ON − plane and an NS5 brane, whose combination is usually called ON 0 [34] ; this type of configuration was pointed out in [33, 37] . The second column indicates whether a Lagrangian is available or not. Table 4 . Quiver diagrams from which the Hilbert series of the moduli space of k instantons in exceptional gauge groups can be computed using the monopole formula for the Coulomb branch. For these cases there is no known brane construction analogous to Table 3 .
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The Hilbert series for the moduli space of k G-instantons
The purpose of this section is to review the essential tools for the computation of the Hilbert series for the quantum corrected Coulomb branch of 3d N = 4 quiver gauge theories where the gauge group is a product of U (N ) factors. As we have detailed in the previous section, for suitable generalized quivers, possibly including non-simple laces, this method provides the Hilbert series of the moduli space of instantons. Three-dimensional N = 4 theories are described by vector multiplets in the adjoint representation and matter fields (hypermultiplets or half-hypermultiplets) transforming in some representation of the gauge group. At a generic point on the Coulomb branch the scalars in the vector multiplet acquire non-zero VEV, breaking the gauge group G of rank r to U (1) r , its maximal torus; matter fields and W-bosons acquire mass and are integrated out, while the r massless gauge fields, the photons, can be dualized to scalars. So at low energies on the Coulomb branch, what is left is an effective theory of r abelian vector multiplets which, by virtue of the gauge field dualization to a scalar, can be themselves dualized to twisted hypermultiplets.
The previous description breaks down at subvarieties of the Coulomb branch where the residual gauge group is non-abelian. In particular it fails to describe the origin of the Coulomb branch, which flows to a SCFT in the IR. The dualization of a non-abelian vector multiplet is not understood. Instead, a more fruitful exposition takes advantage of special disorder operators, which can be defined directly at the infrared fixed point [27] and which are not polynomial in the microscopic degrees of freedom: they are called 't Hooft monopole operators and are defined by prescribing a Dirac monopole singularity at an insertion point in the Euclidean path integral [38] . Monopole operators are classified by embedding U (1) → G, and are labeled by magnetic charges which, by a generalized Dirac quantization [39] , take value in the weight lattice Γ G ∨ of the GNO or Langlands dual group G ∨ [40, 41] . The monopole flux breaks the gauge group G to a residual gauge group H m by the adjoint Higgs mechanism. Restricting to gauge invariant monopole operators is achieved by modding out by the Weyl symmetry group, thus restricting m ∈ Γ G ∨ /W G .
In a three-dimensional N = 2 theory one can define half-BPS monopole operators which sit in chiral multiplets. Crucially, there exists a unique BPS monopole operator V m for each choice of magnetic charge m [42] . If the theory has N = 4 supersymmetry, the N = 4 vector multiplet decomposes into an N = 2 vector multiplet V and a chiral multiplet Φ in the adjoint representation. To describe the Coulomb branch, V is replaced by monopole operators V m , which now can be dressed by the classical complex scalar φ inside Φ. This dressing preserves the same supersymmetry of a chiral multiplet [43] if and only if φ is restricted to φ m , a constant element of the Lie algebra of the residual gauge group H m [22] . The monopole operators which parametrise the Coulomb branch of an N = 4 field theory are thus polynomials of V m and φ m , which are made gauge invariant by averaging over the action of the Weyl group [22] .
In this paper the gauge group G will mostly be be a product of U (N i ) unitary groups, which are self-dual. For U (N ) monopole operators V m , with magnetic charge m = diag(m 1 , ..., m N ), the weight lattice of the dual group is given by Γ U (N ) = Z N = {m i ∈ Z, i = 1, .., N }. Modding out by the Weyl group S N restricts the lattice to the Weyl chamber
For U (N ) gauge groups, which are not simply connected, the center Z(G ∨ ) = U (1) engenders a topological U (1) J symmetry group. Classically, monopole operators are only charged under this symmetry. To each such U (N i ) gauge group, we associate a fugacity z i for the topological U (1) J i symmetry with conserved current * Tr F i , where F i is the field strength of the i-th gauge group. Other charges are acquired quantummechanically: in particular, monopole operators become charged under the Cartan U (1) C of the SU (2) C R-symmetry acting on the Coulomb branch. For a Lagrangian N = 4 gauge theory, this charge is given by the formula
where the first contribution, arising from vector multiplets, is a sum over the positive roots of the gauge group, while the second contribution is a sum over the weights of the gauge group representations of the hypermultiplets. The fugacity for this R-symmetry is called t 2 in the following. The dimension formula (3.1) was conjectured in [23] based on a weak coupling computation in [42] , and later proven exactly in [44, 45] . For the theories that we will be studying, which are good or ugly in the sense of [23] , (3.1) is believed to equal the scaling dimension in the IR CFT.
For gauge theories described by (possibly non-simply laced) Dynkin diagrams, we propose the following prescription for computing the R-charge of a monopole operator, generalizing the Lagrangian formula (3.1). Each diagram is constructed from two basic building blocks: a node and a line. A U (N ) node, with magnetic charge m, contributes to the Coulomb branch Hilbert series as follows:
A line connecting the nodes U (N 1 ) and U (N 2 ) can be either a single bond (−), a double bond (⇒) or a triple bond ( ), which we take to be oriented from node 1 to node 2. Let us assign magnetic charges m (1) and m (2) to U (N 1 ) and U (N 2 ) respectively. We propose that the contribution from a line is:
where λ = 1 for a single bond, λ = 2 for a double bond and λ = 3 for a triple bond. If λ > 1, (3.3) does not arise from matter fields transforming in a genuine representation of U (N 1 ) × U (N 2 ). 6 We stress that formula (3.3) is the crucial ingredient that will allow us to compute the Hilbert series of instanton moduli spaces for any simple Lie group. We will successfully test our proposal by comparing with known results and by studying general properties of the Hilbert series that can be extracted from the Coulomb branch formula.
The dimension formula, given by the sum of the two contributions, (3.2) for each node and (3.3) for each line, makes the quivers associated to the affine Dynkin diagrams (i.e. before adding the over-extended node) balanced in the sense of [23] : each unitary gauge group has an effective number of flavors equal to twice the number of colors. 6 Conceivably, this prescription could be derived from a Lagrangian quiver gauge theory associated to an unfolded simply laced quiver, further orbifolded by an outer automorphism group of the quiver. We will not pursue this possibility here. We thank Jan Troost for discussions on this point. 7 The effective number of flavors for a gauge group is obtained by adding up the ranks of all the gauge groups connected to it by an edge, appropriately weighted by λ. For instance, for F 4 node 2 has 3k colors and 2k + 2(2k) = 6k effective flavors, while node 3 has 2k colors and 3k + k = 4k flavors.
Once we have classified gauge invariant chiral operators (classical operators, bare and dressed monopole operators) on the Coulomb branch of non-simply laced quivers by their quantum number J i and ∆, we enumerate them by means of a generating function that grades them by their charges. The Hilbert series of the Coulomb branch of a d = 3 N = 4 good or ugly superconformal field theory is then given by [22] 
where
. The sum is over GNO magnetic sectors [40] , restricted to a Weyl chamber to impose invariance under the gauge group G. There is one bare monopole operator per magnetic charge sector [42] . The factors z J(m) t 2∆(m) account for the topological charges and conformal dimension of bare monopole operators of magnetic charge m. Finally, the factor P G (t; m) reflects the dressing of a bare monopole operator V m by polynomials of the classical adjoint scalar φ m ∈ h m which are gauge invariant under the residual gauge group H m left unbroken by the monopole flux. The contribution of this dressing factor to the Hilbert series is given by the generating function of H m Casimir invariants
where d i (m) are the degrees of the Casimir invariants of H m . 8 We refer the readers to Appendix A of [22] for more details on these classical dressing factors.
In the next sections we will apply formula (3.4) to the non-simply laced quivers discussed in section 2 and compute exactly the Hilbert series of the corresponding three instanton moduli spaces. To make contact with moduli spaces of G-instantons, we first need to specify how the fugacities z of the topological symmetry are related to the fugacities x and u of the global SU (2) x × G u symmetry acting on G-instantons.
Refinement
Consider a generalized quiver gauge theory corresponding to an over-extended affine Dynkin diagram from Tables 3 and 4 . We label the nodes as follows: i = 1, . . . , r = rk(G) for the nodes of the Dynkin diagram of the finite Lie algebra Lie(G), i = 0 for the affine node corresponding to the null root, and i = −1 for the over-extended node attached to the i = 0 node. The ranks N i of the associated unitary groups are given by N −1 = 1 for the over-extended node and by N i = ka ∨ i , i = 0, . . . , r, for the nodes of the affine Dynkin diagram. Each unitary gauge group has a topological symmetry U (1) J i with fugacity z i .
When all the nodes are treated as gauge groups, an overall diagonal U (1) is decoupled and needs to be factored out. This decoupled U (1) corresponds to the shift symmetry
in the dimension formula, where 1 n denotes the n × n unit matrix, a i are the Coxeter labels and a ∨ i are the dual Coxeter labels of the untwisted affine algebra (in particular a 0 = a ∨ 0 = 1). Note that for the untwisted affine algebras the ratio a i /a ∨ i is an integer. The decoupled U (1) is factored out by fixing the shift symmetry (3.6), multiplying the Coulomb branch Hilbert series by its inverse classical factor (1 − t 2 ), and setting to 1 the fugacity of the associated topological symmetry:
The constraint (3.7) on the fugacities ensures that the shift (3.6) does not affect the Hilbert series and determines z −1 in terms of the remaining r + 1 fugacities z i , i = 0, . . . , r, associated to the nodes of the untwisted affine Dynkin diagram. The fugacities z i , i = 1, . . . , r, associated to the nodes of the Dynkin diagram of Lie(G) are simple root fugacities for the global symmetry G, therefore in (2.2) we can identify
The fugacity x for the SU (2) rotational symmetry is determined by identifying the two unique monopole operators of dimension ∆ = 1 2 , which generate the C 2 moduli space of the center of mass of the instantons. The tower of monopole operators obtained by rescaling these magnetic fluxes by an integer then reconstructs the prefactor in (2.2). Let us focus on a monopole operator which generates a C subspace of the C 2 moduli space of the center of mass, and assign to it weight tx in the Hilbert series for definiteness. 9 Up to the shift (3.6), the magnetic charge of this monopole operator (written in matrix notation) can be taken to be
The monopole operator with weight weight tx −1 is obtained by flipping sign to the magnetic flux and acting with the Weyl group to bring the resulting flux to the positive Weyl chamber. 10 We use the shorthand notation (r s ) = (r, · · · , r s times ).
It is straightforward to see that the monopole operator with magnetic charge (3.9) has dimension ∆ = 1 2
: because the contributions to ∆ coming from the untwisted affine Dynkin diagram cancel out, while the contribution of the edge connecting the extended node to the over-extended node is 1 2 . From the topological charge of the monopole operator of magnetic charge (3.9) we read off the fugacity for the SU (2) x rotational symmetry,
(3.10)
In the last equality we have used a 0 = 1 and the identification (3.8). (3.10) can be used to express z 0 in terms of x and u. The constraint (3.7) from the removal of the decoupled U (1) then determines z −1 as
The theory whose Coulomb branch is the moduli space of k G 2 instantons on C 2 is described by the quiver diagram
where each number denotes the rank of each unitary gauge group and an overall U (1) symmetry is factored out.
The dimension formula for k G 2 instantons can be extracted from this quiver using the prescription of Section 3:
where m = (m 1 , ..., m k ), n = (n 1 , ..., n 2k ) and s = (s 1 , ..., s k ). Note the factor of 3 in front of n j for the triply laced bifundamental contribution. Here we have gauge fixed the decoupled U (1) by setting the monopole flux of the over-extended node (indicated in blue) to zero.
The Hilbert series for the moduli space of k G 2 instantons can thus be computed as follows:
where the fugacities z are associated to the topological symmetry.
For k = 1, the result of (4.3) can be written as
where [1, 0] is the adjoint representation of G 2 and
This agrees with (5.46) of [16] . It is worth mentioning that, for k ≥ 2, the Hilbert series (4.3) can alternatively be computed using the Hall-Littlewood formula and the gluing technique discussed in [25, 26] . Indeed quiver (4.1) can be constructed by gluing the following two basic building blocks 
The Hall-Littlewood formulae for the Coulomb branch HS of (4.6) are given by
where the Hall-Littlewood polynomial is defined as 10) and the parameters and prefactors are given by
The fugacities can be set as follows:
The relations between the fugacities a and b to the topological fugacity of each node in quiver (4.1) are given by (see (3.13) of [25] )
13)
11 The plethystic exponential (PE) of a multi-variate function f (x 1 , . . . , x n ) is defined as
and by factoring out the overall U (1) we have the following condition (cf. (3.3) of [26] ):
From (3.8) and (3.11), we find that the relations between a, b and the fugacities x associated with SU (2) and u 1 , u 2 associated with G 2 are
For k = 2 we recover the Hilbert series (9.3) and (9.5) 12 of [18] . For k = 3 let us report only the result with z i being set to unity; the unrefined Hilbert series of the reduced three G 2 instanton moduli space is 
k B N instantons
The theory whose Coulomb branch is the moduli space of k SO(2N + 1) instantons on C 2 is described by the quiver diagram
where each number denotes the rank of a unitary gauge group and the decoupled overall U (1) symmetry is removed. For k = 2 we recover the results given in Section 5 of [18] . The unrefined Hilbert series of the reduced 3 SO(7) instanton moduli space is 
The theory whose Coulomb branch is the moduli space of k U Sp(2N ) instantons on C 2 is described by the quiver diagram
where each number denotes the rank of a unitary gauge group and an overall U (1) symmetry decouples. For k = 2 we recover the results given in Section 4.2 of [18] . Below we present the unrefined Hilbert series for 3 instantons and small values of N . The unrefined Hilbert series of the reduced 3 U Sp(4) instanton moduli space is The unrefined Hilbert series of the reduced 3 U Sp(6) instanton moduli space is The unrefined Hilbert series of the reduced 3 U Sp(10) instanton moduli space is For higher number of instantons, the Hilbert series can be computed more easily from the Higgs branch of the ADHM quiver. We demonstrate this computation in Appendix A. Let us report here the unrefined Hilbert series (i.e. x = 1 and z i = 1 for all i) for k = 5 and small values of N : 
k F 4 instantons
The theory whose Coulomb branch is the moduli space of k F 4 instantons on C 2 is described by the quiver diagram
where each number denotes the rank of a unitary gauge group and an overall U (1) symmetry is factored out.
The Hilbert series of k F 4 instantons can be computed using the monopole formula given by (3.4). For k ≥ 2, (3.4) is more easily calculated using the gluing technique discussed in [26] . Indeed quiver (7.1) can be constructed from the building blocks 
The Coulomb branch Hilbert series of T (k,k,k−1,1) (SU (3k)) is given by
On the other hand, the Coulomb branch Hilbert series of
The relations between the fugacities a and b to the topological fugacity of each node in quiver (7.1) are given by (see (3.13) of [25] )
From (3.8) and (3.11), we find that the relations between a, b and the fugacities x associated with SU (2) and u 1 , u 2 , u 3 , u 4 associated with F 4 are 1 a 2 a 3 (b 1 b 2 b 3 ) 2 ,
2 .
(7.14)
For k = 2 we recover the results given in (10.2) and (10.4) of [18] .
8 The moduli space of instantons as an algebraic variety
One instanton
The reduced moduli space of one G instanton is the orbit of the highest root vector in the complexification of the Lie algebra of G [46] [47] [48] , also known as minimal nilpotent orbit. The space of holomorphic functions on such a reduced moduli space was studied in [16] . 13 The Hilbert series can be obtained as
where p · Adj denotes the irreducible representation of G whose highest weight is p times that of the adjoint representation. The plethystic logarithm 14 of this Hilbert series reads
The meaning of the plethystic logarithm is as follows. The generator M of the reduced moduli space is of order 2 and transforms in the adjoint representation of G. There are relations at order 4 transforming in the representation Sym 2 Adj − 2 · Adj, where the minus sign means that the irreducible 13 See [49, 50] for a mathematical perspective on this type of varieties, independent of instantons.
14 The plethystic logarithm of a multi-variate function f (x 1 , . . . , x n ) such that f (0, . . . , 0) = 1 is In this case, the generator M of the reduced moduli space is an N × N traceless matrix, and the Joseph relations can be explicitly written as 
Two instantons
The generators of the reduced moduli space of two G instantons on C 2 transform under the global symmetry SU (2) × G as stated in Table 5 . Table 5 . Generators of the reduced moduli space of two G instantons on C 2 and how they transform under the global symmetry SU (2) × G.
There is one relation at order 4 in the representation [0; 0] of SU (2)×G. Explicitly, this relation can be written as 
Three instantons
The generators of the reduced moduli space of three G instantons on C 2 transform under the global symmetry SU (2) × G as stated in Table 6 . Table 6 . Generators of the reduced moduli space of three G instantons on C 2 and how they transform under the global symmetry SU (2) × G.
There is a set of relations at order 5 in the representation [1; 0] of SU (2) × G. Explicitly, this relation can be written as a = 1, . . . , dim G is an adjoint index of G and α = 1, 2 is an SU (2) fundamental index.
Analytical properties of Hilbert series for three instantons
As discussed around (2.4) of [18] , the Hilbert series of three G instantons on C 2 shares certain analytical properties with the third symmetric power of the Hilbert series of one G instanton on C 2 , namely
, with a = ±t, e ±2πi/3 t , (8.8) where a tilde denotes the Hilbert series of a reduced instanton moduli space, x is the fugacity of SU (2), and u denote the fugacities of the group G, and the third symmetric power is given by
Explicitly, (8.8) can be rewritten as follows:
.
(8.10)
The properties (8.10) together with the fact that the numerator of the unrefined Hilbert series g 3,G (t; x = 1; u = 1) is palindromic can be used to check our results on the Hilbert series of three instantons. Let us demonstrate this for the case of 3 G 2 instantons. The numerator of the unrefined Hilbert series (4.16) is palindromic. In order to make use of (8.10), one needs to compute a refined Hilbert series at least with respect to x. To keep the presentation brief, let us report the result for 3 G 2 instantons up to order t 9 : These can be substituted in (8.10 ) and the agreement on each equality can be obtained perturbatively up to order t 4 .
Higher instanton numbers
Explicit computations reveal that the generators of the reduced moduli space of five G instantons on C 2 transform under the global symmetry SU (2) × G as stated in Table 7 .
Order Representation of SU (2) × G Table 7 . Generators of the reduced moduli space of 5 G instantons on C 2 and how they transform under the global symmetry SU (2) × G.
Generators of the reduced instanton moduli spaces
The data gathered in the previous subsection leads us to conjecture that the reduced moduli space of k G instantons on C 2 is generated by two sets of holomorphic functions transforming in:
These two sets of generators can be systematically understood from the Coulomb branch viewpoint, as we now explain.
The generators transforming in the representation [p; 0] are all monopole operators. To describe them, it is useful to introduce a class of monopole operators that are obtained by embedding U (k) monopoles into the r i=0 U (ka ∨ i ) gauge group of the quiver. Let M = diag(m 1 , m 2 , . . . , m k ) be a U (k) magnetic charge and consider the monopole operators of magnetic charge 13) generalizing (3.9) . The dimension of these monopole operators can be easily computed: the contributions of nodes and edges of the affine Dynkin diagram cancel out because the quiver is balanced, while the edge attached to the over-extended node yields ∆ = 1 2 k i=1 |m i |. 15 Taking into account the charge under the topological symmetry group, the monopole operators (8.13) appear in the HS with weight x i m i t i |m i | .
Next, let
be a p × p diagonal matrix with entries equal to ±1, which may be thought of as a collection of spins ± for an abstract SU (2). This abstract SU (2) is identified with the SU (2) x global symmetry of the instanton moduli space by specializing the matrix M in (8.13) 
is an a ∨ i × a ∨ i diagonal matrix whose elements are tabulated in Appendix B for non-simply laced groups and can be found in [53] for simply-laced groups. R are set to zero and the monopole operators are dressed by the classical field at the i-th node of the Dynkin diagram of G.
Monopole operators and global symmetries
The global symmetry group acting on the Coulomb branch of a 3d N = 4 superconformal field theory takes the form SU (2) C × G J . SU (2) C is an R-symmetry which rotates the triplet of complex structures of the hyperKähler manifold. The holomorphic functions with respect to a fixed complex structure that are counted by the HS are highest weights of SU (2) C representations. The associated fugacity is t. On the other hand, G J commutes with the supercharges. A subgroup of G J is manifest in the UV Lagrangian of the gauge theory: it consists of the topological symmetry group which is generated by the topologically conserved currents J i = * Tr F i , where F i are the field strength 2-forms of the i-th U (N i ) gauge group. More generally, the topological symmetry is the center Z(G ∨ ) of the dual of the gauge group. The topological symmetry group, which is U (1) r+1 for the theories considered in this paper, acts on monopole operators. The associated fugacities are z i .
At the IR fixed point of a three-dimensional gauge theory, the manifest topological symmetry group can enhance to a non-abelian symmetry group G J . The conserved currents of the hidden symmetry are monopole operators. In a 3d N = 4 superconformal field theory, conserved currents sit in the same multiplet as dimension ∆ = 1 chiral operators [23] (see also [45, 53] ). Thus the non-R global symmetry can be deduced from the Hilbert series: the order t 2 term gives the adjoint representation of G J . Applying this strategy to the quivers whose Coulomb branches are the moduli spaces of instantons, one can see that the global non-R symmetry enhances from U (1) r+1 to G J = SU (2) × G for k = 1 instanton and to G J = SU (2) × SU (2) × G for k > 1 instantons, as we now explain.
The maximal torus U (1) r of G is the manifest topological symmetry associated to the nodes of the Dynkin diagram of G in the quiver. The ∆ = 1 states counted by the Hilbert series are Tr Φ i , i = 1, . . . , r, where Φ i is the adjoint chiral multiplet in the N = 4 vector multiplet of the i-th gauge group. The global symmetry enhancement is due to dimension 1 monopole operators in one-to-one correspondence with the roots of G. For positive roots α, these dimension 1 monopole operators take the form Next we explain the SU (2) groups. The SU (2) symmetry that is present for any instanton number k acts on the two complex variables parametrizing the center of the instanton configuration, namely the monopole operators of magnetic charges ±1 times (3.9). The squares of those monopole generators, corresponding to magnetic charges ±2 times (3.9), provide the roots of SU (2); the classical field For instanton number k > 1 there is an additional SU (2) which acts on the reduced moduli space of instantons. The adjoint representation of this additional SU (2) is spanned by monopole operators of the form (8.13), (8.15) , where p = 2 in (8.14) .
Note that the characters of the adjoint representations of the two SU (2) factors that appear in the HS at order t 2 involve the same fugacity x for the diagonal SU (2) defined in (3.10) . Since the symmetry is SU (2) × SU (2), it should be possible to further refine the Hilbert series of the instanton moduli space and distinguish the two SU (2) factors. However, for one of the SU (2) groups, not even the Cartan subalgebra is manifest, but rather it is generated by a monopole operator. This difficulty can be circumvented because the center of the instanton is factored in the Hilbert series and is represented by a free twisted hypermultiplet. One can always a posteriori assign different fugacities to the two SU (2) factors (cf. (3.3) of [12] ), modifying (2.2) as follows:
(8.18)
Conclusions
In this paper we have proposed a simple formula for the Hilbert series of moduli spaces of pure Yang-Mills instantons, which arise as Coulomb branches of three-dimensional N = 4 generalized quiver gauge theories whose quiver diagrams are given by over-extended Dynkin diagrams. A natural modification of the monopole formula for the Coulomb branch Hilbert series introduced in [22] allows us to uniformly study instantons in all simple Lie groups, including the non-simply laced ones. We have successfully tested our proposal against previous works for one and two instantons and obtained new results for higher instanton numbers. General features of the moduli spaces of instantons can be systematically deduced from our formalism. It would be interesting to derive the explicit ring structure of the moduli spaces by a careful analysis of monopole operators. Our work leaves some natural open questions. Firstly, it would be nice to derive our formula from a path integral by folding the appropriate simply laced quiver via an outer automorphism group. This would help to understand the Higgs branch of such quivers and compute superconformal indices [54] [55] [56] . Secondly, the Coulomb branch formalism should also allow for the computation of the hyperKähler metric on the moduli spaces of instantons [7, 30] . Indeed, formulae (4.2)-(4.4) in [30] could be generalized to non-simply laced quivers by inserting the multiplicity λ in the matter contribution to the metric in analogy with (3.3). For classical groups, this suggestion can be tested against the metric obtained from the hyperKähler quotient in the Higgs branch of the corresponding ADHM quiver. Finally, it would be interesting to generalize the Coulomb branch construction of this paper to instantons on ALE spaces [30, 31, 57] . The relevant diagram for k G 2 instantons is depicted below.
where the simple roots α 0 , α 1 , α 2 are indicated above the nodes. The positive roots of G 2 are of the form c 1 α 1 + c 2 α 2 , with (c 1 , c 2 ) listed in Table 8 . For each positive root, we tabulate the monopole operators associated with it.
Positive root R 
(1, 1) (0) (1, 0)
(1, 2) (0) (1, 0)
(1, 3) (0) (1, 0)
(2, 3) (0) (1, 1) of the monopole operators that contribute to each positive root α of G 2 for k = 1 instanton.
B.2 F 4
The relevant diagram for k F 4 instantons is depicted below. Table 9 . For each positive root, we tabulate the monopole operators associated with it.
B.3 C N
The relevant diagram for k U Sp(2N ) instantons is depicted below. The magnetic charges R (α) i of the monopole operators that contribute to each positive root α of C N for k = 1 instanton are as follows:
• e i − e j : (1) from nodes α p with 1 ≤ p ≤ j − 1, and (0) from other nodes.
• 2e i : (0) from node α 0 , (2) from nodes α p with i ≤ p ≤ N − 1, and (1) from node α N .
• e i + e j : (0) from node α 0 , (1) from node α p with 1 ≤ p ≤ j − 1, (2) from node α q with j ≤ q ≤ N − 1, and (1) from node α N .
B.4 B N
The relevant diagram for k SO(2N + 1) instantons is depicted below. The magnetic charges of the monopole operators that contribute to each positive root α of B N for any instanton number are as follows:
• e i : (1, 0) from the nodes α p with i ≤ p ≤ N , and (0) from other nodes.
• e i − e j : (1, 0) from the nodes α p with i ≤ p ≤ j − 1, and (0) from other nodes.
• e i + e j : (1, 0) from the nodes α p with i ≤ p ≤ j − 1, (1 2 , 0) from the nodes α q with j ≤ q ≤ N − 1, (2) from the node α N .
